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ABSTRACT 

Higher-order s t a t i o n a r y  phase approx ima t ions  are used  

t o  c a l c u l a t e  C o r r e c t i o n s  t o  t h e  classical e x p r e s s i o n  f o r  t h e  

d i f f e r e n t i a l  cross s e c t i o n  f o r  e las t ic  s c a t t e r i n g .  An expans ion  

f o r  t he  cross s e c t i o n  as a series i n  i12 is o b t a i n e d ,  whose first 

t e r m  is t h e  c lass ical  r e s u l t .  An o s c i l l a t i n g  t e r m  is also p r e s e n t ,  

whose "wavelength" is approximate ly  A 8  %/kb. Bo th  t h e  

"wavelength" and t h e  ampl i tude  of t h i s  t e r m  va ry  as 3. I t  is 

shown t h a t  t h e  classical  d i f f e r e n t i a l  cross s e c t i o n  is v a l i d  fo r  

a n g l e s  as s m a l l  as t h e  c r i t i ca l  a n g l e  d e f i n e d  by Massey and Mohr,. 

A s i m i l a r  t e chn ique  is used t o  o b t a i n  c o r r e c t i o n s  t o  

Ford and Wheeler's semiclassical e x p r e s s i o n  f o r  t h e  d i f f e r e n t i a l  

cross s e c t i o n  a t  a rainbow a n g l e .  An expans ion  as a series 
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and i n  n 2/3 is  der ived,  whose f i r s t  t e r m  v a r i e s  as 3 

hence d iverges  i n  t h e  classical l i m i t .  I t  is shown t h a t  

- 1/3 

t h e  l ead ing  t e r m  agrees with Ford and Wheeler's r e s u l t ,  and 

t h a t  t h e  f irst c o r r e c t i o n  t e r m  is very small for a 12-6 

p o t e n t i a l .  kurH8"r2_ 
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I. INTRODUCTION 

The classical e x p r e s s i o n  f o r  t h e  d i f f e r e n t i a l  cross 

s e c t i o n  for  elastic s c a t t e r i n g  of heavy p a r t i c l e s  is known 
-I I t o  be i n v a l i d  a t  small ang les .  The u s u a l  c r i t e r i o n  for  t h e  

v a l i d i t y  of t h e  clabsical  theo ry ,  as g i v e n  by Massey and Mohr, 

is t h a t  t h e  d e f l e c t i o n  angle  8 s h o u l d  be greater t h a n  a c r i t i ca l  

a n g l e  eC, g iven  by 

192 

ec d k r o ,  

where  k is t h e  wave number of t h e  r e l a t i v e  motion and ro 

is t h e  d i s t a n c e  of closest approach. More r e c e n t l y  it has  been 

shown t h a t  t h e  classical d e s c r i p t i o n  c a n  a lso be i n a c c u r a t e  a t  

large a n g l e s .  

i n  t h e  v i c i n i t y  of rainbow a n g l e s ;  Munn, Mason, and Smith4 have 

found t h a t  t h e  q u a n t a l  d i f f e r e n t i a l  cross s e c t i o n  oscil lates 

a b o u t  t h e  c lass ical  cross s e c t i o n  a t  a n g l e s  greater t h a n  eC. 

Ford and Wheeler3 have found such  i n a c c u r a c i e s  

T h i s  paper  has  two o b j e c t i v e s .  One is t o  f i n d  a n  

a c c u r a t e  c r i t e r i o n  for t he  p r e d i c t i o n  of t h e  a n g l e  a t  which  

d e v i a t i o n s  f r o m  t h e  c l a s s i c a l  approx ima t ion  become i m p o r t a n t ;  i n  

other  words,  t o  g i v e  a more q u a n t i t a t i v e  r e s u l t  t h a n  t h e  Massey- 

Mohr v a l u e  of eC. 
s o m e  of t h e  other q u a n t a l  r e s u l t s  w i t h  a semiclassical approximat ion .  

The m a t h e m a t i c a l  p rocedure  by which  both o b j e c t i v e s  are approached 

is t h e  s t a t i o n a r y  phase approximat ion  carried t o  h i g h e r  orders. 

The first o b j e c t i v e  has  a l r e a d y  been d i s c u s s e d  i n  d e t a i l  i n  a 

p r e v i o u s  paper, u s i n g  some of t h e  p r e s e n t  r e s u l t s  w i t h o u t  

A second o b j e c t i v e  is t o  t r y  t o  r ep roduce  
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d i s c u s s i o n  of t h e  mathematical  s t e p s  involved .  Hence t h e  

p r e s e n t  paper  can be l i m i t e d  t o  an  o u t l i n e  of t h e  m a t h e m a t i c a l  

p rocedure  as fa r  as t h e  first o b j e c t i v e  is concerned.  

I n  t h e  quantum theory  t h e  d i f f e r e n t i a l  cross s e c t i o n  

a(@) f o r  sca t te r ing  by a central force is g iven  as t h e  

s q u a r e  of t h e  s c a t t e r i n g  ampl i tude  f ( 0 )  

m 

where b Q  is t h e  phase s h i f t  for  a n g u l a r  momentum quantum 

number a ,  k is t h e  wave number, and Pa(cos  8) is a Legendre 

polynomial  of o r d e r  L i n  c o s  6 .  There  are three d i s t i n c t  

p a r t s  t o  a semiclassical approximation f o r  a(@), as d i s c u s s e d  

by Ford and Wheeler.3 

a sympto t i c  fo rmulas  are used f o r  P (cos 0 ) ;  and t h e  summation 

i n  Eq.(3) is r e p l a c e d  by a n  i n t e g r a t i o n .  An a d d i t i o n a l  approx- 

ima t ion  may be t o  e v a l u a t e  t h e  r e s u l t i n g  i n t e g r a l  by some I 

procedure  l i k e  t h e  method of s t a t i o n a r y  phase.3 

e x p r e s s i o n s  f o r  P (cos 0) a r e  

I 

I 
l 

a ;  T h e  JwgB approximat ion  is u s e d  f o r  6 I 

a 
I 

The asympto t i c  

a 

f o r  s i n  e p / e .  (4b) 
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I n  p r e v i o u s  work on semiclassical s c a t t e r i n g  f o r  a n g l e s  greater 

t h a n  QC, t h e  second of t h e s e  e x p r e s s i o n s  f o r  P (cos 6 j  w a s  used 

f o r  a l l  v a l u e s  of 4 and t h e  r e s u l t i n g  i n t e g r a l  e x p r e s s i o n  for  f ( 6 )  

w a s  e v a l u a t e d  by t h e  lowes t  o r d e r  s t a t i o n a r y  phase  approximat ion .  

T h i s  y i e l d e d  t h e  classical  d i f f e r e n t i a l  cross s e a t i o n .  

a 

I n  t h i s  pape r  PQ(cos  6 )  is c o r r e c t l y  approximated  f o r  

a l l  v a l u e s  of a and t h e  r e s u l t i n g  i n t e g r a l s  are e v a l u a t e d  w i t h  

h i g h e r - o r d e r  s t a t i o n a r y  phase approx ima t ions .  T h i s  g i v e s  r i se  

t o  three c o r r e c t i o n s  t o  t h e  classical  d i f f e r e n t i a l  cross s e c t i o n .  

The first is a s m a l l  n o n - o s c i l l a t i n g  t e r m  which f a l l s  o f f  

mono ton ica l ly  as 8 grows l a r g e r  t h a n  QC.  

u s e  of h i g h e r - o r d e r  s t a t i o n a r y  phase  approx ima t ions  a t  t h e  

p o i n t  of s t a t i o n a r y  phase .  The second is a larger o s c i l l a t o r y  

t e r m  which arises f r o m  t h e  c o n t r i b u t i o n  a t  s m a l l  v a l u e s  of a ,  
and t h e  t h i r d  is a n o t h e r  n o n - o s c i l l a t o r y  t e r m  f r o m  s m a l l  i? v a l u e s .  

These c o r r e c t i o n s  are d i s c u s s e d  s e p a r a t e l y  i n  t h e  f o l l o w i n g  s e c t i o n .  

This arises from t h e  

I n  t h e  l as t  s e c t i o n  t h e  h i g h e r - o r d e r  s t a t i o n a r y  phase  

approx ima t ions  are a p p l i e d  t o  ra inbow a n g l e  s c a t t e r i n g .  A ra inbow 

a n g l e  is a s p e c i a l  case because i ts  p o i n t  of s t a t i o n a r y  phase  is 

s t a t i o n a r y  t o  a h i g h e r  o r d e r  of d e r i v a t i v e  t h a n  a t  a n  o r d i n a r y  

s c a t t e r i n g  a n g l e .  

11. HIGHER-ORDER STATIONARY PHASE APPROXIMATIONS 

The a p p l i c a t i o n  of t h e  s t a t i o n a r y  phase  approx ima t ion  t o  

p h y s i c a l  problems is seldom c a r r i e d  beyond t h e  lowes t  o r d e r  of 

approximat ion .6  However, a g e n e r a l  a s y m p t o t i c  series expans ion  
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7 has been  g i v e n  by E r d L l y i  (who q u o t e s  earl ier r e f e r e n c e s ) .  It 

is a p p l i c a b l e  t o  i n t e g r a l s  of t h e  form 
R 

a 
i n  which a l l  t h e  v a r i a b l e s  are real, a< t< p ,  X > O ,  p $  1, and 

t h e  f u n c t i o n s  g ( t )  and h ( t )  are d i f f e r e n t i a b l e .  The f u n c t i o n  

h ( t )  is a l so  assumed t o  be mono ton ica l ly  i n c r e a s i n g  f r o m a t o  p.  

E r d 6 l y i  shows t h a t  i n  t h e  l i m i t  as  t h e  scale pa rame te r  x 

approaches  i n f i n i t y  t h e  i n t e g r a l  c a n  be e x p r e s s e d  as a n  a s y m p t o t i c  

series of which t h e  first N t e r m s  are g i v e n  by 

where  

and 

The i n t e g e r s  p and t~ are e q u a l  t o  one p l u s  t h e  o r d e r s  of t h e  

s t a t i o n a r y  p o i n t s  a t  a and  p ,  r e s p e c t i v e l y .  The order of a 
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s t a t i o n a r y  p o i n t  is j u s t  a number one less t h a n  t h e  order of t h e  

first non-vanish ing  d e r i v a t i v e  of h ( t )  a t  t h a t  p o i n t .  An o r d i n a r y  

p o i n t  is a s t a t i o n a r y  p o i n t  of order zero; t h e  u s u a l  s t a t i o n a r y  

phase approx ima t ion  co r re sponds  t o  a s t a t i o n a r y  p o i n t  o f  order 

one ;  ra inbow a n g l e  s c a t t e r i n g  c o r r e s p o n d s  t o  a s t a t i o n a r y  p o i n t  

of order t w o .  

The approx ima t ion  used i n  p r e v i o u s  work on t h e  

d i f f e r e n t i a l  cross s e c t i o n  w a s  l i m i t e d  t o  t h e  f i r s t  t e r m  of t h i s  

series (N =1). Higher  t e r m s  a r e  m o r e  compl i ca t ed  t o  c a l c u l a t e  

because  of t h e  n e c e s s i t y  of c a l c u l a t i n g  t h e  h i g h e r  d e r i v a t i v e s  

k ( n ) ( u )  and a(" ) (v)  as f u n c t i o n s  of u and v. 

are used  i n  t h e  f o l l o w i n g  d i s c u s s i o n ,  b u t  f i r s t  t h e  zero-order 

approx ima t ion  is descr ibed.  For s i m p l i c i t y  t h e  d i s c u s s i o n  is 

l i m i t e d  t o  monotonic p o t e n t i a l s ,  n o t  because  non-monotonic 

p o t e n t i a l s  p r e s e n t  any greater d i f f i c u l t y  i n  p r i n c i p l e ,  b u t  

because  t h e  m a t h e m a t i c a l  a n a l y s i s  fo r  monotonic p o t e n t i a l s  is less 

l a b o r i o u s .  Only r e p u l s i v e  p o t e n t i a l s  are c o n s i d e r e d ;  a t t r a c t i v e  

p o t e n t i a l s  c a n  be treated i n  e x a c t l y  t h e  s a m e  manner. E x p l i c i t  

r e s u l t s  are o b t a i n e d  for  t h e  i n v e r s e  power and  e x p o n e n t i a l  p o t e n t i a l s .  

S e v e r a l  more t e r m s  

A.  Zero-Order Approximation 

Before r e p l a c i n g  t h e  summation i n  (3) by a n  i n t e g r a l  w e  

first n o t e  t h a t  Z (2a+ l )Pa (cos  8 )  = O .  

t h a t  8 is large enough t h a t  there are f e w  phase s h i f t s  between 0 

and lfe , so t h a t  t h e  approximat ion  for  P ( c o s  0) v a l i d  fo r  

a >l/0 c a n  be used  fo r  a l l  v a l u e s  of a. I t  fo l lows  t h a t  f ( 6 )  

W e  a l so  assume a t  t h i s  stage 

a 
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becomes 
1 

f (0) = -(2n s in8 /k ) -z  (I+- 1') , 

where 
03 

'0 

t h e  v a r i a b l e  of i n t e g r a t i o n  having  been changed f r o m  k? t o  

/3 = ( a +  4)dk. For a r e p u l s i v e  p o t e n t i a l  I+ has  no s t a t i o n a r y  

phase p o i n t  of o r d e r  h i g h e r  t han  zero, and I- has  one s t a t i o n a r y  

p o i n t  of o r d e r  one when 8 = (2/k) (dG/dp) = 2(dsa/dl?) .  

c a l c u l a t i o n s  of these i n t e g r a l s  c o n t r i b u t i o n s  f r o m  t h e  end 

p o i n t s  w e r e  n e g l e c t e d  and it w a s  assumed t h a t  t h e  o n l y  c o n t r i b u t i o n  

t o  f ( 0 )  arose f r o m  t h e  s t a t i o n a r y  phase p o i n t  of order one i n  I-. 

T h i s  c o n t r i b u t i o n  w a s  e v a l u a t e d  by t h e  lowest-order s t a t i o n a r y  

In p r e v i o u s  

phase approximat ion  (N = 1) of (6) 

Ck? s i n  8 de 

and t h e  r e s u l t  is 

7 

B=b 

where b, t h e  classical  impact parameter, is t h e  v a l u e  of a t  t h e  

s t a t i o n a r y  phase  p o i n t  of I-. 

B. Higher-Order Approximations 

Because of t h e  d i f f i c u l t y  of e l i m i n a t i n g  t h e  a p p a r e n t  

s i n g u l a r i t i e s  a t  p = ,  i n  I+ and I- ,  it is c o n v e n i e n t  t o  r e p l a c e  

t h e  summation i n  (3) by an  i n t e g r a t i o n  w i t h o u t  s e t t i n g  

C ( 2 & +  l)Pk?(cos e )  = 0. The s c a t t e r i n g  a m p l i t u d e  f ( e )  t h e n  becomes 
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- i x /4  + i 7 ~ / 4  , f ( 0 )  = (27~ s i n  B/k)-* ( I le  - I2 e 

where 
m 

0 

W e  c o n s i d e r  first t h e  i n t e g r a l  I2 because  it c o n t a i n s  no s ta t -  

i o n a r y  p o i n t  of o r d e r  h i g h e r  t h a n  z e r o .  

The i n t e g r a l  I2 is c o n v e n i e n t l y  w r i t t e n  i n  t h e  f o r m  

Y 

I (9) 

Because both [2b(p) + kpe] and kpe are i n c r e a s i n g  f u n c t i o n s  of ,B 

between 0 and y ,  t h e  t w o  i n t e g r a l s  i n  (10) c a n  be d i r e c t l y  

e v a l u a t e d  by t h e  a s y m p t o t i c  expans ion  i n  (6). There are t w o  

c o n t r i b u t i o n s ,  one from t h e  p o i n t  p =  0 and t h e  other f r o m  p =y .  

W e  first c o n s i d e r  t h e  p o i n t  a t  /3 = y and show t h a t  it makes no 

c o n t r i b u t i o n .  

wh ich  w e  d e f e r  

i m a t i o n  f o r  Pe 

first c o n s i d e r  

The p o i n t  a t  p =  0 r e q u i r e s  a s p e c i a l  d i s c u s s i o n ,  

t o  Sec.IID, because t h e  B e s s e l  f u n c t i o n  approx- 

cos (0 )  needs  t o  be used  there. I n  other  words w e  

o n l y  t h e  % p a r t  of 12. The first t e r m  is 

l 9  2 i 6 ( y ) + i k y e  z e ikye 
i y  e - 

ke  
Y) 

12: B1= l i m  [ k(8+6 Y -m 

(11) 
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where 8 = (2/k) (d6/dP) . I n  t h e  l i m i t  as y b o t h  

6 (Y) + 0 and 0 0 f o r  any p s t e n t i a l  t h a t  f a l l s  t o  zero 

as  r + C Q .  

t h e  expans ion  are a l so  used ,  t h e y  t o o  c a n  be shown t o  be zero 

i n  t h e  l i m i t  y + 0 3 .  

p l a u s i b l e  r e s u l t ,  s t a t i n g  t h a t  c o l l i s i o n s  w i t h  i n f i n i t e l y  

great impact p a r a m e t e r s  cannot  a f f e c t  t h e  s c a t t e r i n g  ampl i tude .  

Y B-v 
Y 

It  f o l l o w s  t h a t  B1 = O  f o r  12. If h i g h e r  t e r m s  i n  

Thus % = 0 fo r  12. T h i s  is a p h y s i c a l l y  

A s i m i l a r  p rocedure  c a n  be used  i n  t h e  e l i m i n a t i o n  of 

t h e  a p p a r e n t  s i n g u l a r i t y  a t  ,8 = m i n  11, b u t  some p r e l i m i n a r y  

m a n i p u l a t i o n  is r e q u i r e d  t o  p u t  t h e  i n t e g r a l  i n t o  t h e  s t a n d a r d  

f o r m  of Eq.(5). The i n t e g r a l  is first w r i t t e n  i n  t h e  f o r m  

The first i n t e g r a l  m u s t  be  s p l i t  i n t o  t w o  p a r t s  a t  t h e  first- 

o r d e r  s t a t i o n a r y  phase  p o i n t  a t  P = b, and t h e  i n t e g r a t i o n  v a r i a b l e  

changed so  t h a t  h ( t )  is mono ton ica l ly  i n c r e a s i n g  i n  b o t h  p a r t s .  

A s i m i l a r  v a r i a b l e  change m u s t  be made i n  t h e  second i n t e g r a l  

i n  (12) .  On s u b s t i t u t i n g  P= - c  , w e  o b t a i n  

A s  b e f o r e  w e  pos tpone  t h e  d i s c u s s i o n  of t h e  c o n t r i b u t i o n s  a t  

P = 0 and = 0 t o  Sec.IID.  The c o n t r i b u t i o n  f r o m  5 -  -y is a g a i n  



. .  

- 
9 

zero i n  t h e  l i m i t  y + m .  

comes from the first two i n t e g r a l s  i n  (13) a t  p = b and = -b ,  

These c a n  be e v a l u a t e d  f r o m  E q . ( 1 6 ) ,  a s t r a i g h t f o r w a r d  b u t  t e d 5 o u s  

process. The r e s u l t  o u t  t o  f i v e  t e r m s  i n  t h e  series is 

The o n l y  o t h e r  c o n t r i b u t i o n  t o  I1 

-3 i ~ / 4  e 4- A2 -i7r/2 + A3 

(ke ' ) 3'2 +-w) e 

149 

where 0 (e) is t h e  c l a s s i c a l  d i f f e r e n t i a l  cross s e c t i o n  i n  ( 8 ) ,  

8' = (de/dp)p=,, 

are i d e n t i c a l l y  zero because  t h e  c o n t r i b u t i o n s  t o  t h e m  from t h e  

t w o  s i d e s  of t h e  s t a t i o n a r y  p o i n t  c a n c e l .  S i n c e  k is i n v e r s e l y  

p r o p o r t i o n a l  t o  P l a n c k ' s  c o n s t a n t ,  Eq.(14) is a series i n  a s c e n d i n g  

powers of B2 w i t h  t h e  odd powers mis s ing .  

c l  
and t h e  odd-numbered c o e f f i c i e n t s  A1, A3,  etc. 

L 
The even-numbered 

non-zero c o e f f i c i e n t s  are 



~~~ ~~ 
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. 
When f ( e )  is squa red ,  t h e  f i n a l  series for  a (@) is i n  

-2 2 powers of k or Ti because t h e  non-zero t e r m s  i n  f ( e )  are 

a l t e r n a t e l y  real  and imaginary.  The r e s u l t  i s  

C .  

f .  

T h i s  r e s u l t  w a s  quoted  from our work by Mason, V a n d e r s l i c e ,  a n d  
5 Raw. 

C. R e s u l t s  f o r  t h e  I n v e r s e  Power and Exponen t i a l  P o t e n t i a l s  

Two of t h e  m o s t  common monotonic p o t e n t i a l s  are t h e  

S i n v e r s e  power p o t e n t i a l ,  V ( r ) = K / r  , where  K and s are p o s i t i v e  

c o n s t a n t s ,  and t h e  e x p o n e n t i a l  p o t e n t i a l ,  V(r) = A e  , where A 

and a are p o s i t i v e  c o n s t a n t s .  If w e  restrict o u r s e l v e s  t o  s m a l l -  

a n g l e  s c a t t e r i n g ,  w e  can  f i n d  8 as an  e x p l i c i t  f u n c t i o n  of b f o r  
8 bo th  these p o t e n t i a l s .  For t h e  i n v e r s e  power p o t e n t i a l  w e  f i n d  

-ar 

where  E is t h e  re la t ive  k i n e t i c  energy and 

1 
cS = +  r ( + s + f ) / r ( + s ) .  
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For t h e  e x p o n e n t i a l  p o t e n t i a l  w e  f i n d  8 9 9  

where K (ab) is t h e  zero-order  modif ied Bessel f u n c t i o n  of t h e  

second k ind .  
0 

- .  
On s u b s t i t u t i n g  these r e s u l t s  i n t o  Eq. (15), w e  o b t a i n  

f o r  t h e  i n v e r s e  power and e x p o n e n t i a l  p o t e n t i a l s ,  r e s p e c t i v e l y .  

I t  is s u r p r i s i n g  t h a t  t h e  r e s u l t  does n o t  depend on t h e  p o t e n t i a l  

parameter s of t h e  i n v e r s e  power p o t e n t i a l ,  b u t  does depend on 

t h e  parameter a of t h e  e x p o n e n t i a l .  Fur thermore ,  t h e  s i g n  of t h e  

c o r r e c t i o n  t e r m  is d i f f e r e n t  f o r  t h e  two cases. As p r e v i o u s l y  

shownY5 t h e  c o r r e c t i o n  amounts t o  a b o u t  2.5% a t  8 

c o l l i s i o n s  a t  E = 250 e V .  T h i s  c o r r e c t i o n  happens t o  be s m a l l  

f o r  He-He 
C 

because  of c a n c e l l a t i o n  between t h e  t e r m s  o f  f @ ) ,  and n o t  because  

t h e  i n d i v i d u a l  c o r r e c t i o n  t e r m s  i n  f ( e )  are s m a l l .  Higher  t e r m s  

i n  t h e  e x p a n s i o n s  of  (18) and (19) are n o t  s i g n i f i c a n t  s i n c e  h i g h e r  

t e r m s  i n  t h e  a s y m p t o t i c  expans ion  (4b) for t h e  Legendre po lynomia l s  

are es t imated  t o  be of l a r g e r  magni tude  t h a n  these. 5 

D. C o r r e c t i o n  f o r  Smal l  Angular Momentum C o l l i s i o n s  

W e  now c o n s i d e r  t h e  c o r r e c t i o n  t h a t  must be i n c l u d e d  i n  a 

comple te  semiclassical a n a l y s i s  t o  take accoun t  of t h e  a s y m p t o t i c  

f o r m  of PQ(cos  e) for s m a l l  a n g u l a r  momenta, namely 



1 2  

P Q ( c o s  8 )0Jo ( ,@)  f o r  a@,( 1. 

e x p r e s s i o n  f o r  f ( 0 )  as 

To do t h i s  w e  w r i t e  t h e  semiclassical 

- .  
Using  t h e  s a m e  p rocedure  a s  t h a t  adopted i n  t h e  p r e v i o u s  d i s c u s s i o n ,  

w e  r e p l a c e  t h e  Legendre polynomial  P (90s 0 )  i n  t h e  second i n t e g r a l  

by its a s y m p t o t i c  expans ion  (4b) for  and c a n  t h e n  show 
a 

t h a t  t h e  c o n t r i b u t i o n  f r o m  p = a  is zero. The o n l y  o t h e r  

c o n t r i b u t i o n  b e s i d e s  t h a t  g i v i n g  rise t o  t h e  c lass ical  d i f f e r e n t i a l  

cross s e c t i o n  a t  ,B = b comes from t h e  end p o i n t  a t  p = l / k B .  

W r i t i n g  o u t  e x p l i c i t l y  t h e  c o n t r i b u t i o n  f r o m  p = b  as found 

p r e v i o u s l y ,  w e  c a n  r e d u c e  Eq.(20) t o  

+ 11+12-13-Iq , 

where t h e  first p a r t  is t h e  c o n t r i b u t i o n  f r o m  P = b  g i v e n  i n  

= (k / i )  [ e 2i6(p) P j ( c o s  0 ) p d  p ,  I 2  
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Using  t h e  s t a t i o n a r y  phase  approx ima t ion  t o  any order 

w e  c a n  r e a d i l y  show t h a t  t h e  c o n t r i b u t i o n s  t o  I1 and I2 from 

p = l / ke  

s i n c e  Pa (cos  e )  s J ( k g e )  a t  ,6 = l / k e  

p = l / k 8  is a p o i n t  of  order z e r o .  

p = O  c a n  also be s t r a i g h t f o r w a r d l y  de t e rmined  by t h e  s t a t i o n a r y  

shou ld  c a n c e l  t o  w i t h i n  t h e  order of a c c u r a c y  of E q .  (4) 

or a @ =  1, and t h e  p o i n t  
0 

The c o n t r i b u t i o n  t o  I1 a t  

phase  method. The t o t a l  c o n t r i b u t i o n  of  I1 and I2 is t h u s  

The s a m e  p rocedure  c a n  be used on I3 and I4 i f  J o ( k p  6 ) and 

P (cos e )  c a n  be w r i t t e n  i n  imaginary e x p o n e n t i a l  n o t a t i o n .  

T h i s  is accompl ished  for  P a ( c o s  e )  by u s i n g  t h e  approx ima t ion  

(4b) and t h e n  w r i t i n g  t h e  s i n e  f u n c t i o n  i n  e x p o n e n t i a l  f o r m .  

Examinat ion of t h e  series expans ion  for Jo(x) shows t h a t  t h e  

f o l l o w i n g  approx ima t ion  is q u i t e  a c c u r a t e  f o r  x < l :  

a 

W r i t i n g  t h e  c o s i n e  i n  e x p o n e n t i a l  f o r m ,  w e  see t h a t  t h e  

c o n t r i b u t i o n s  t o  I and I4 f r o m  p = l / k 8  c a n c e l  w i t h i n  t h e  o r d e r  

of a c c u r a c y  of E q s .  (4) a n d  (23).  The r e m a i n i n g  c o n t r i b u t i o n  is 
3 
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f .  

These i n t e g r a l s  are r e a d i l y  e v a l u a t e d  by t h e  s t a t i o n a r y  phase  

method, g i v i n g  

1 3 +  I 4 = 2i /ke2 ,  925) 

which is correct t o  a l l  o r d e r s ,  t h e  h i g h e r  t e r m s  b e i n g  i d e n t i c a l l y  

zero. 

For sma l l - ang le  s c a t t e r i n g  t h e  c o n t r i b u t i o n  f r o m  11+ I2 

is much smaller t h a n  t h a t  from I + I 4  and c a n  be n e g l e c t e d .  

Combining Eqs. (21) and (25) we o b t a i n  
3 

s o  t h a t  t h e  f i n a l  r e s u l t  is 

where 

The first t e r m  i n  b r a c k e t s  i n  Eq. (27) is t h e  c o n t r i b u t i o n  

f r o m  13 = b, and is t h e  same as g i v e n  by E q . ( 1 5 ) .  

A 

N e i t h e r  A2 n o r  

is i n d i v i d u a l l y  s m a l l ,  b u t  t h e  combina t ion  (A22-2A4) is 4 



15 . 
f o r t u i t o u s l y  v e r y  s m a l l ,  a t  least for i n v e r s e  power and e x p o n e n t i a l  

r e p u l s i v e  p o t e n t i a l s .  

c o r r e c t i o n  t e r m  a r i s i n g  f r o m  p = 0 ;  it is of t h e  same order i n  5 

as t h e  c o r r e c t i o n  a r i s i n g  from,f3= b. The magni tudes  of these 

t w o  n o n - o s c i l l a t o r y  c o r r e c t i o n s  are m o s t  e a s i l y  compared f o r  

sma l l - ang le  s c a t t e r i n g  by a n  i n v e r s e  power p o t e n t i a l ,  for which  

The next  t e r m ,  4 / (ke2)2 ,  is a n o n - o s c i l l a t o r y  

CT ( e )  = b2/se2. c l  

For t h i s  case Eq.(27) c a n  t h e r e f o r e  be w r i t t e n  as 

o(e) /ocl(e)  = 1 + (2kbe)-2 + (16s) (2kbe)-2 + - - a  

+ o s c i l l a t o r y  t e r m ,  (3 1) 

and t h e  n o n - o s c i l l a t o r y  quantum c o r r e c t i o n  from ,f3 = 0 is s e e n  

t o  be much larger  t h a n  t h e  o n e  f r o m  ,f3= b. A s imi l a r  r e s u l t  

h o l d s  f o r  t h e  e x p o n e n t i a l  p o t e n t i a l ,  for which  

0 ( e )  /a cl ( e )  = 1-(ab/12) (kbe)-2 + (4ab) + . . 

+ o s c i l l a t o r y  t e r m .  (33) 

The large magnitude of t h e  n o n - o s c i l l a t o r y  c o r r e c t i o n  f r o m  p =  0 is 

due e n t i r e l y  t o  t h e  u s e  of t h e  Jo approx ima t ion  f o r  P 

Eq. (4a) ; i f  t h e  approximat ion  (4b) had been  used ,  t h e  c o r r e c t i o n  

would have been zero. 

g i v e n  i n  a 
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E. Numerical  C a l c u l a t i o n s  

I t  is of i n t e r e s t  to compare the p r e s e n t  r e s u l t s  w i t h  

o t h e r  approx ima t ions  and w i t h  exact c a l c u l a t i o n s  f o r  d i f f e r e n t  

m o l e c u l a r  models.  The  present r e s u l t s  are n o t  e x p e c t e d  t o  be 

good a t  v e r y  s m a l l  a n g l e s ,  w h e r e  a c lass ical  d e s c r i p t i o n  b r e a k s  

down comple t e ly .  A d i f f e r e n t  semiclassical approx ima t ion  t h a n  

t h e  method of s t a t i o n a r y  phase c a n  be used  t o  o b t a i n  a n  e x p r e s s i o n  

f o r  a(@) v a l i d  a t  ve ry  s m a l l   angle^.^ 
t h i s  e x p r e s s i o n  is 

For i n v e r s e  power p o t e n t i a l s  

where S is t h e  t o t a l  s c a t t e r i n g  cross s e c t i o n  and f(s) is a 

n u m e r i c a l  c o n s t a n t  of magnitude u n i t y .  

A number of quantum s c a t t e r i n g  phenomena w e r e  first n o t i c e d  

by Massey and Mohr' i n  t h e i r  s t u d y  of r i g i d  s p h e r e  s c a t t e r i n g ,  and 

w e  t h e r e f o r e  c o n s i d e r  t h i s  c a s e  first.  For r i g i d  s p h e r e s  of  

d i a m e t e r  0 ,  t h e  t o t a l  cross s e c t i o n  is2 S = 2 7 ~ 0 ~  and t h e  c lass ica l  
8 d i f f e r e n t i a l  cross s e c t i o n i s  (5 ( 8 )  = a2l4 .  S u b s t i t u t i n g  t h e s e  

r e s u l t s  i n t o  Eq.  (34) and p a s s i n g  t o  t h e  l i m i t  s --fa, f o r  which 

f ( s )  -+ 1, w e  f i n d  t h e  s m a l l - a n g l e  r e s u l t  

c l  

The c lass ica l  d e f l e c t i o n  ang le  f o r  r i g i d  s p h e r e s  is8 c o s  (8/2) = b /a .  

Using t h i s  r e s u l t  and t h e  semiclassical e q u i v a l e n c e  fo rmula  

w e  o b t a i n  @ = -2ka s i n  (8/2) .  The p r e s e n t  P=b ' 8 = (2/k) (db/dp) 

semiclassical fo rmula  of  Eq.(27) c a n  t h e n  be w r i t t e n  t o  s u f f i c i e n t  
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a c c u r a c y  f o r  r i g i d  s p h e r e s  as 

Numer ica l  r e s u l t s  f r o m  Eq.(35) and (36) are shown i n  F i g .  1 f o r  

t h e  case ko = 20 ,  fo r  which eC = 0.157 a c c o r d i n g  t o  E q . ( l ) .  

Although t h e  t w o  r e s u l t s  do  not o v e r l a p ,  t h e y  come f a i r l y  n e a r  

t o  e a c h  other .  

t o  g i v e  a f a i r  p r e d i c t i o n  of t h e  a n g l e  above which t h e  c lass ical  

r e s u l t  is a c c u r a t e  i n  a n  average  s e n s e .  The o s c i l l a t i o n s  i n  t h e  

c u r v e  are i n  q u a l i t a t i v e  agreement w i t h  t h e  e x a c t  r e s u l t s ,  as can  

be s e e n  by comparison of  F i g .  1 w i t h  Massey and Mohr's 

c o r r e s p o n d i n g  f i g u r e  ( a l s o  reproduced  i n  r e f e r e n c e  1 ,  p.391, b u t  

d o  n o t  damp o u t  fast  enough a t  l a r g e r  a n g l e s .  

The v a l u e  of O C  p r e d i c t e d  from E q . ( l )  is s e e n  

The semiclassical formula  of Eq.(27) c a n  a l s o  be compared 

w i t h  t h e  quantum c a l c u l a t i o n s  by Munn, Mason, and Smith4 f o r  t h e  

p o t e n t i a l  V ( r )  = 4 c ( a / r ) 1 2  at a n  ene rgy  E d ~ = 4 5 ,  and f o r  t h e  de B o e r  

pa rame te r  A*= h/a ( 2 p ~ )  

e n e r g y  and pa rame te r  v a l u e s  a r e  e q u i v a l e n t  t o  k a =  84.30 and 

k a =  15.79, r e s p e c t i v e l y .  To check  t h e  a c c u r a c y  of t h e  J W K B  

app rox ima t ion  i n  s u c h  cases t h e  JWKB and quantum cross s e c t i o n s  

w e r e  a l so  compared. The JWKB phase  s h i f t s  and t h e  classical  

d e f l b c t i o n  a n g l e s  w e r e  e v a l u a t e d  by Gauss-Mehler q u a d r a t u r e s .  

The JWKB and quantum d i f f e r e n t i a l  cross s e c t i o n s  agree v e r y  w e l l  

f o r  A* = 0.50, b u t  n o t  s o  w e l l  fo r  A*= 2.67,  as  shown i n  F i g s .  2 

and 3. The sma l l - ang le  r e s u l t  of Eq .  (34) w a s  c a l c u l a t e d  w i t h  t h e  

e x a c t  v a l u e  of S.4 

1 
having  v a l u e s  of 0.50 and 2.67. These 

10  

10 The exact v a l u e  of ac1(6) w a s  a l so  used ,  
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. 
b u t  f o r  A * =  0.50 t h e  c o r r e c t i o n  t e r m s  of Eq.  (2'7) were c a l c u l a t e d  

w i t h  sma i i - ang le  approximations, for w h i c h  

2 A2 - 2 s  +7s+2 
R' - skbe 

With in  t h e  accu racy  of  t h e s e  approx ima t ions  it is a l so  r e a s o n a b l e  

t o  t a k e  A2 = 2A4, so  t h a t  Eq.(37) becomes 2 

w i t h  @ + @ o w - k b 8  when s = 1 2 .  

A* = 2 . 6 7 ,  b u t  w i t h  C p +  @o%26(b)-kb@ because  t h e s e  c a l c u l a t i o n s  

e x t e n d  t o  large a n g l e s .  The r e s u l t s  are shown i n  F i g s .  2 and 3, 

where it c a n  be s e e n  t h a t  t h e  sma l l - ang le  r e s u l t  of E q . ( 3 4 )  is 

remarkably  a c c u r a t e  o u t  t o  Q c ,  b u t  t h a t  t h e  n e a r l y  c lass ica l  r e s u l t  

of Eq.(39) g i v e s  o n l y  a q u a l i t a t i v e  r e p r e s e n t a t i o n  of t h e  exact 

c a l c u l a t i o n s .  I n  p a r t i c u l a r ,  t h e  o s c i l l a t i o n s  of Eq.  (39) are 

n o t  s u f f i c i e n t l y  damped as 0 increases. It s h o u l d  a l so  be 

remarked i n  p a s s i n g  t h a t  eC from E q . ( l )  g i v e s  a n  a c c u r a t e  

p r e d i c t i o n  of t h e  a n g l e  above which ocl(Q) is a c c u r a t e  i n  a n  a v e r a g e  

s e n s e ,  and  t h a t  ec is n e a r l y  t h e  a n g l e  a t  which t h e  sma l l - ang le  

fo rmula  (34) i n t e r s e c t s  ocl(@) fo r  t h e  second t i m e .  

T h i s  same formula  w a s  u sed  f o r  

4 
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. 111. APPROXIMATIONS AT A RAINBOW ANGLE 

When t h e  p o t e n t i a l  c o n t a i n s  a minimum, a classical  p l o t  

of 8 a g a i n s t  b w i l l  also show a minimum, so  t h a t  dQ/db = 0. 

According t o  t h e  c lass ical  formula  ( 8 ) ,  there is a s i n g u l a r i t y  i n  

0 ( e )  a t  t h i s  minimum a n g l e .  S e m i c l a s s i c a l l y ,  a t  such  a p o i n t  

d S/dp2 is zero and hence t h e  s t a t i o n a r y  phase  p o i n t  is of order 
c l  
2 

t w o  rather t h a n  one.  This means t h a t  t h e  ze ro -o rde r  approx ima t ion  

l e a d i n g  t o  t h e  c lass ical  f o r m u l a  ( 8 )  is i n h e r e n t l y  i n c o r r e c t ,  s i n c e  

i t  is based on t h e  assumpt ion  t ha t  t h e  s t a t i o n a r y  p o i n t  is of  order 

one. The a n g l e  a t  which t h i s  o c c u r s  has  been called by Ford 

and Wheeler3 t h e  rainbow a n g l e ,  6 r9  on t h e  basis of t h e  o p t i c a l  

ana logy .  Ford and Wheeler have used  a semiclassical approx ima t ion ,  

w i t h o u t  r e c o u r s e  to t h e  method of s t a t i o n a r y  phase ,  t o  d i s c u s s  t h e  

b e h a v i o r  of a(@) i n  t h e  v i c i n i t y  of Br .  

t o  c a l c u l a t e  O ( e , )  by t h e  method of s t a t i o n a r y  phase  for  comparison 

w i t h  t h e  Ford and Wheeler approximat ion .  

It is t h u s  of i n k e r e s t  

W e  c o n s i d e r  j u s t  t h e  c o n t r i b u t i o n  from t h e  s t a t i o n a r y  

p o i n t  and i g n o r e  t h e  c o n t r i b u t i o n s f r o m  t h e  o r i g i n ,  which  c a n  be 

added on a t  t he  end  by t h e  method g i v e n  i n  Sec . I ID.  A s  before, 

there is no c o n t r i b u t i o n  from t h e  l i m i t  a t  i n f i n i t y .  W e  have t h u s  

t o  e v a l u a t e  t h e  i n t e g r a l s  

r b  

J 
b J 
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The a p p l i c a t i o n  of Eq.(16) is a g a i n  s t r a i g h t f o r w a r d  b u t  t e d i o u s ,  

and y i e l d s  

where Qr = 26(br ) -k  br er , (3" = (d26/dp2b - -. 

and c o s i n e s  have  been w r i t t e n  e x p l i c i t l y  t o  show how eve ry  t h i r d  

t e r m  v a n i s h e s  i n s t e a d  of eve ry  second t e r m  as a t  a f i r s t - o r d e r  

, and t h e  s i n e s  
r 3: 

s t a t i o n a r y  p o i n t .  T h i s  is a series i n  T i l l 3  w i t h  e v e r y  t h i r d  

-1/6 1b6 ... t e r m  m i s s i n g ,  s t a r t i n g  as h , %  Y 

The f o r e g o i n g  formula  h a s  o n l y  l i m i t e d  a p p l i c a t i o n ;  

it is v a l i d  j u s t  a t  t h e  rainbow a n g l e  er and g i v e s  no i n f o r m a t i o n  

a b o u t  f ( 6 )  or a @ )  on  e i t h e r  t h e  b r i g h t  or t h e  shadow s ide of  e r .  
Its main f u n c t i o n  would be t o  check  t h e  a c c u r a c y  of  o t h e r  ra inbow 

a p p r o x i m a t i o n s ,  and so o n l y  t h e  f i r s t  t w o  c o e f f i c i e n t s  have been 

e v a l u a t e d  e x p l i c i t l y :  

S i n c e  t h e  t e r m s  i n  Eq. (41) for f (er) are a l t e r n a t e l y  real  and 

imaginary ,  t h e  f i n a l  series f o r  a(@,) is i n  powers of  h 2/3 , 
, as f o l l o w s :  -1/3 1/3 . . . s t a r t i n g  as  , a  Y 
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T h i s  e x p r e s s i o n  may be compared w i t h  Ford and Wheeler's r e s u l t .  

R a t h e r  t h a n  k e e p  a g e n e r a l  e x p r e s s i o n  f o r  S( ,B)  or 0 ( p )  and 

e v a l u a t e  t h e  i n t e g r a l  approx ima te ly ,  Ford and Wheeler u s e  a n  

approx ima te  e x p r e s s i o n  f o r  S ( p )  or 0 ( p )  and e v a l u a t e  t h e  i n t e g r a l  

e x a c t l y .  The approx ima te  e x p r e s s i o n  is o b t a i n e d  by expand ing  

e ( p )  i n  a T a y l o r  series a b o u t  t h e  rainbow p o i n t  and d r o p p i n g  t h e  

t e r m s  beyond t h e  q u a d r a t i c ,  

The i n t e g r a l  o v e r  ,t3 t h e n  becomes a n  Airy  i n t e g r a l  whose 

argument  is [q-'l3(er- 0 ) ]  , where q = 8"/2k . 
e x p e c t  t h a t  o u r  r e s u l t  w i t h  a l l  h igher  d e r i v a t i v e s  of  O r  set t o  

zero s h o u l d  be a n  a s y m p t o t i c  ser ies  r e p r e s e n t a t i o n  of Ford and 

2 W e  t h e r e f o r e  r 

Wheeler's r e s u l t  a t  e x a c t l y  t h e  ra inbow a n g l e .  The f i rs t  t e r m  

of Eq.(42) does  i n  fact a g r e e  w i t h  Ford and Wheeler,  who q u o t e  

o n l y  t h e  first t e r m  of t h e  a p p r o p r i a t e  series f o r  t h e  Airy  f u n c t i o n .  

To check  t h e  magnitudes of t h e  c o r r e c t i o n  t e r m s ,  w e  u s e  t h e  

example of K+ s c a t t e r e d  by A r  a t  a r e l a t i v e  ene rgy  of 0.17 eV, 

d i s c u s s e d  by Ford and Wheeler i n  t e r m s  of t h e  Lennard-Jones (12-6) 

p o t e n t i a l .  If w e  u s e  t h e  parameters g i v e n  by Ford and Wheeler and 

t a k e  = 0,  w e  f i n d  t h e  r a t i o  of t h e  second t o  t h e  first t e r m  o f  

Eq.(42) is o n l y  1.5 X 10 From c a l c u l a t i o n s "  of 0; and 6 ;  f o r  -4  . 
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t h e  ( 2- 

t h a t  t h e  

) p o t e n t i a l  w e  f i n d  t h a t  br($/@;) is a,out 15 t o  25, s o  

r a t i o  is raised t o  a l i t t l e  less than loe2. T h u s  t h e  

n e g l e c t  of h i g h e r  d e r i v a t i v e s  of 6 is more s e r i o u s  t h a n  n e g l e c t  

of h ighe r  t e r m s  i n  t h e  series f o r  t h e  Airy  f u n c t i o n ,  & u t  n e i t h e r  

is v e r y  i m p o r t a n t  a t  t h e  rainbow a n g l e ,  and t h e  first approx ima t ion  

g i v e n  by Ford and Wheeler is e n t i r e l y  adequa te .  U n f o r t u n a t e l y ,  

t h e  Ford and Wheeler approximat ion  is n o t  so a c c u r a t e  far ther  

away f r o m  8 because  of  t h e  inadequacy of a q u a d r a t i c  r e p r e s e n t a t i o n  

of 8( /3 ) ,  and does n o t  g i v e  t h e  a n g u l a r  l o c a t i o n s  of t h e  

o s c i l l a t i o n s  on t h e  b r i g h t  s i d e  of t h e  ra inbow ( t h e  supernumerary 

rainbows13) w i t h  s u f f i c i e n t  accu racy  f o r  t h e  q u a n t i t a t i v e  i n t e r -  

p r e t a t i o n  of molecu la r  beam s c a t t e r i n g  expe r imen t s .  Accura te  

e x p r e s s i o n s  c o u l d  be o b t a i n e d  th rough  t h e  Ford and Wheeler p rocedure  

by k e e p i n g  m o r e  t e r m s  i n  t h e  Taylor  expans ion  of @(/3). However, 

t h e  n e c e s s a r y  numer i ca l  computa t ions  are s o  invo lved  t h a t  i t  is 

p r o b a b l y  b o t h  easier and  m o r e  a c c u r a t e  t o  go back t o  t h e  o r i g i n a l  

f o r m u l a t i o n ,  c a l c u l a t e  phase  s h i f t s  by t h e  JWKB approx ima t ion ,  and 

i n t e g r a t e  o v e r  A? or ,B by numer ica l  t e c h n i q u e s .  

r’ 

IV .  DISCUSSION 

I n  summary, t h e  main c o n t r i b u t i o n  t o  f ( 8 )  i n  t h e  

s t a t i o n a r y  phase  approximat ion  comes f rom t h e  p o i n t  of s t a t i o n a r y  

phase of order one or h i g h e r .  The re  is no c o n t r i b u t i o n  f r o m  t h e  

p o i n t  of order zero a t  i n f i n i t y ,  b u t  there is a c o n t r i b u t i o n  from 

t h e  p o i n t  of o r d e r  z e r o  a t  t h e  o r i g i n .  The c o n t r i b u t i o n  f r o m  t h e  

o r i g i n  and from t h e  h ighe r -o rde r  t e r m s  a t  t h e  s t a t i o n a r y  p o i n t  
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lead t o  quantum c o r r e c t i o n s  t o  0 ( 6 )  which  v a n i s h  a t  large a n g l e s  c l  
as The i n t e r f e r e n c e  between t h e  c o n t r i b u t i o n s  € T o m  t h e  

s t a t i o n a r y  p o i n t  and f r o m  t h e  o r i g i n  adds an o s c i l l a t o r y  t e r m  t o  

0 ( 6 ) ,  whose "wavelength" is approximate ly  c l  

and  whose ampl i tude  is of o r d e r  of magnitude 

T h i s  o s c i l l a t o r y  t e r m  is i n  only q u a l i t a t i v e  agreement w i t h  a c c u r a t e  

quantum c a l c u l a t i o n s ,  and it may be c o n j e c t u r e d  t h a t  t h e  convergence 

of t h e  higher-order s t a t i o n a r y  phase a sympto t i c  series is n o t  

v e r y  good. The convergence f o r  a(@) seems t o  be better t h a n  for 

f ( e ) ,  due  p a r t l y  t o  a n  a p p a r e n t l y  f o r t u i t o u s  n e a r  c a n c e l l a t i o n  of 

h i g h e r  t e r m s .  

I n  c o n t r a s t ,  t h e  smal l -angle  r e s u l t  o b t a i n e d  by Mason? 

V a n d e r s l i c e ,  and Raw is s u r p r i s i n g l y  a c c u r a t e ,  and leads t o  a 

precise p r e d i c t i o n  of 6c which is i n  good agreement w i t h  t h e  Massey- 

Mohr v a l u e .  

It is i n t e r e s t i n g  t o  i n v e s t i g a t e  t h e  convergence of t h e  

s t a t i o n a r y  phase a s y m p t o t i c  series as t h e  sys t em approaches  t h e  

classical  l i m i t ,  e s p e c i a l l y  at a rainbow ang le .  Classical b e h a v i o r  

is approached by l e t t i n g  k become l a r g e ;  t h i s  c a n  be though t  of  

e i t he r  as t h e  m a s s  of t h e  sys tem i n c r e a s i n g ,  or as t h e  v a l u e  of 

d e c r e a s i n g .  For non-rainbow s c a t t e r i n g  t h e  n o n - o s c i l l a t o r y  quantum 

t e r m s  v a n i s h  as k-2 or 5 . 2 The o s c i l l a t o r y  t e r m  changes  both i n  
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a m p l i t u d e  and "wavelength" as k - l  or PT; c la s s i ca l  behav io r  is 

approached  by t h e  o s c i l l a t i o n s  becoming more numerous and d e c r e a s i n g  

i n  ampl i tude .  The decrease i n  wavelength  means t h a t  any attempt 

t o  fo l low such  osc i l la t ions  i n  de t a i l  by a c c u r a t e  q u a n t a l  or 

JWKB phase-shift c a l c u l a t i o n s  may m e e t  s e v e r e  numer i ca l  d i f f i c u l t i e s  

because  of large numbers of o s c i l l a t i o n s .  For ra inbow s c a t t e r i n g  

e v e r y  t e r m  of t h e  series i n v o l v e s  k or Ti, t h e  series go ing  as 
- 1/3 k-2/3 or ii 2'3 w i t h  t h e  first t e r m  b e i n g  of order k 1'3 or  -€l . 

T h i s  means there is no  p r o p e r  c lass ical  l i m i t ,  s i n c e  t h e  l e a d i n g  

t e r m  d i v e r g e s  as c lass ica l  behav io r  is approached ,  even  though 

t h e  h igher  t e r m s  van i sh .  From t h i s  p o i n t  of view it  is n o t  

s u r p r i s i n g  t h a t  quantum effects are o b s e r v a b l e  i n  molecular-beam 

s c a t t e r i n g  n e a r  a rainbow a n g l e ,  a l t h o u g h  t h e  s c a t t e r i n g  may be 

c lass ica l  almost everywhere else. 
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FIGURE CAKTIONS 

F i g .  1. D i f f e r e n t i a l  cross s e c t i o n  f o r  s c a t t e r i n g  by a 

r i g i d  s p h e r e  for  k~ = 20. Curve A is from 

Eq.(35) and c u r v e  B f r o m  Eq.(36) .  

F i g .  2 .  D i f f e r e n t i a l  cross s e c t i o n  for  s c a t t e r i n g  by an  

i n v e r s e  1 2 t h  power r e p u l s i v e  p o t e n t i a l ,  

cp(r) = 4e(a/r) l2 , w i t h  E k  = 4 5  and A* = 0.50, 

co r sespond ing  t o  kff=  84.30. The heavy c u r v e  

is t h e  e x a c t  q u a n t a l  r e s u l t ,  which is i n d i s -  

t i n g u i s h a b l e  f r o m  t h e  JWKB r e s u l t .  Curve A 

is f r o m  Eq.  (34) and cu rve  B f r o m  Eq. (39). 

Fig. 3. D i f f e r e n t i a l  cross s e c t i o n  fo r  s c a t t e r i n g  as i n  

F i g .  2 ,  b u t  w i t h  A* = 2.67, c o r r e s p o n d i n g  t o  

k o  = 15.79. The heavy dashed c u r v e  is t h e  JWKB 

r e s u l t ,  which d i f f e r s  a p p r e c i a b l y  from t h e  e x a c t  

q u a n t a l  r e s u l t .  
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